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ABSTRACT. The goal of this paper is to introduce some structural
ideas into the hitherto chaotic subject of infinite inseparable field
extensions. The basic discovery is that the theory is closely related
to the well-developed study of primary abelian groups. This analogy
undoubtedly has implications beyond those included here. We consider
only modular extensions, which are the inseparable equivalent of galois
extensions. N2 and 3 develop the theory of pure independence, basic
subfields, and tensor products of simple extensions. The following
sections are devoted to Ulm invariants and their computation; the
existence of nonzero invariants of arbitrary index is proved by means
of a theorem which furnishes an actual connection between primary groups
and inseparable fields. The final section displays some complications
in the field extensions not occurring in abelian groups.

1. Preliminaries; modular extensions.

Theorem 1.1. Let K and {L } be subfields of some common field, and
suppose K is linearly disjoint from each L . Then K is linearly disjoint
from L = NL o

Proof. Suppose that there are Xys+++ > %, in L linearly independent
over L NK but not over K. We may assume n minimal; then there is a
relation 2 a;x;=0 with @, € K and a, = 1, and this relation is unique,
The x, are in each L  and are dependent over K, hence dependent over
K'NnL, Since the dependence relation over K is unique, the @; are in
K NL . Butthis implies @, € K N L, which is impossible.

This theorem is basic and will be used repeatedly, usually without
explicit citation.

Definition [5]. A purely inseparable field extension K/k is modular
if K*" and k are linearly disjoint, n =1, 2, 3, +++, (The concept is
defined in [5] for more general extensions, but all the extensions we consider
will be purely inseparable.)

If K/k is a finite purely inseparable extension, then it is known
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[6, p. 433] that K ®, E has the form E[XI, oo, Xn]/(X‘:l, oo, X:") where
the g, are powers of the characteristic p; note for later reference that this
truncated polynomial algebra is simply k[G] for G a finite abelian p-group.
Say that an extension L splits K if K ®, L ~ L[GL. Then there is a
unique smallest splitting field S(K/k); it contains K and is itself a finite
purely inseparable extension of k. Furthermore, K is its own splitting field
if and only if it is a tensor product of simple extensions [6, p. 425], and this
condition is equivalent to modularity [S, p. 403]. Thus the finite modular
extensions in this theory play a role like that of those finite separable
extensions which are their own splitting fields, i.e. the galois extensions.

Proposition 1.2. Let K/k be a purely inseparable extension, {L } a
family of intermediate fields.

(a) If each L o IS modular over k, their intersection is modular over k.

(b) If K is modular over each L, it is modular over their intersection.

(c) If the L o are directed by inclusion and each is modular over k,
their union is modular over k.

(d) If the L  are directed by inclusion and K is modular over each of
them, it is modular over their union.

Proof. Since the pth power map is injective, we have (NL a_)l’" =
ﬂ(Lg"). Hence (a) as well as (b) follows from 1.1. Statements (c) and (d)
are even easier, needing only the fact that linear disjointness is a condition
of finite type.

Part of this proposition was proved in a different way in [3],

Proposition 1.3. Let K/k be purely inseparable. The following are
equivalent:

(a) K/k is modular.

(b) K is a directed union of finite modular extensions of k.

(c) For every finite extension F/k contained in K, the splitting field
S(F/R) is contained in K.

Proof. Let F be any finite purely inseparable extension of k, and
consider the sequence S(F/k), S(S(E/k)/k),+++ . By [6, p. 429] it stabilizes
after finitely many steps, and the result is the smallest modular extension
of k containing F. Hence from (c) we can deduce that every finite sub-
extension is contained in a finite modular extension, thus getting (b). We
can deduce (a) from (b) by 1.2 (c). Finally, assume (a); let F be a finite
subextension, and let L be the smallest modular extension containing it.
We have L N K modular over % by 1.2 (a), and F C L, so by minimality
L=L NK;thus S(F/kK)CLCK.
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This proposition shows that modular extensions in general are the
inseparable analogue of infinite galois extensions.

We must also put on record the familiar result about linear disjointness
in towers [2, p. 162}, which we use in the form derived by Sweedler [5,

p. 206]:

Proposition 1.4. Let L/k be purely inseparable, K an intermediate field,
(a) The following are equivalent:
(i) K and kL®" are linearly disjoint over k[K ann] for all
(positive) n, and L is modular over k.
(ii) K AL?" and k are linearly disjoint for all n, and L is modular
over K.
(b) The following are equivalent:
(1) K"n and LPn N k are linearly disjoint for all n, and L is modular
over k.
(ii) L?" and kKO" are linearly disjoint over KP"[LP" N k] for all
n, and K is modular over k.

Remark 1.5. To illustrate how 1.1 and 1.4 are used, we insert here an
argument which will arise later. Let L/k be modular. Then L?" and k1%
are linearly disjoint, since pth power is an isomorphism. Clearly L?" and
L are linearly disjoint, so L?" and L N k% are linearly disjoint. That
is, L is modular over L N k17, Also, (L N k1) ALP" equals L?" N
k1 and by 1.1 this is linearly disjoint from k. Thus by 1.4 (a) we con-
clude that kLP" and L Nk!” are linearly disjoint over k[LP" N k177],
and in particular have that field as their intersection,

2. Pure independence and basic subfields.

Definition. Let K/k be modular, A subset {xi} of K\k is pure
independent if for each n the monomials l'lxe;.i with 0< e, < p”, almost all
e; =0, and e, < |k(x,):k| are linearly independent over kKP",

This definition says that no polynomial in the %; lies in kKP™ unless
it obviously does; tensor product generators, for instance, must have this
property. If KP Ck, pure independence reduces to the usual concept of
p-independence [2, p. 1801

Definition. Let K/k be purely inseparable. An intermediate field F
is called pure if F and EKP" are linearly disjoint over kF?” for all n.

Note that then k[K®"N F1 equals kFP", and if K/k is modular it
follows by 1.4 (a) that K/F is also modular.

Proposition 2.1. Let K/k be modular. If {x,} is pure independent,
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then the subextension F generated by the x_ is pure and is the tensor pro-
duct of the simple extensions k(x ) Conversely, if F is a pure subfield
of the form ®k(x ), then the x are pure independent.

Proof. The definition of pure independence shows that the monomials
ﬂxei with 0 < e, < |k(x;): k| and almost all e, = 0 are independent over &;
thus the sur]ecuon ®k(x ) = F is also injective., We have then kF?" =
®k(x" ), and a basis for F over kFP" is given by the monomials with
e, < Ik(xl) k| and 0< e, <p". By definition again these are still independ-
ent over kKP", and thus F is pure. The converse implication is equally

easy.

Proposition 2.2. Let K/k be modular, and assume K N k12 = kKP" 0
k1% for all n. Then K is relatively perfect over k, ise. kKP =

Proof. We show inductively on r that K N Y C kKP™ for all n; by
hypothesis this is true for r = 1. Assume it for r and take x € K N kl/p”l
Then x? € KN k1?7, so xp ekK" + by induction. Say x? is a k-linear
combination of elements yl. ! with y; € K. Then %P and (yf ) are in
K?, and x? is in the k-span of the others; by modularity it is in the (K®N k)
span. Taking pth roots we get x as a (K N k!/).linear combination of
the y , and hence x € (K NEI/2)KP™ C (kKP™)KP" = kKP",

Deflmuon. Let K/k be modular. A basic subfield of K/k is an inter-
mediate field F such that

(i) F is a tensor product of simple extensions of %,

(ii) F is pure, and

(iii) K is relatively perfect over F.

Theorem 2.3. Let K/k be modular. Then the basic subfields are
precisely the subextensions generated by maximal pure independent sets.

Proof. Let F be generated by a maximal pure independent set {x}; in
view of 2.1 the problem is only to prove K relatively perfect over F. As
remarked after the definition of purity, K/F is automatically modular. If it
is not relatively perfect, then 2.2 implies that we can find an n (possibly
n = 1) such that K N F1%# is contained in FK?"~ but not in FK?",

Remark 1. 5 tells us that K NF'/? and FKP™™! have intersection
FIF1/2 0 KP""'), and thus K N F1/ is generated over F by elements
x#""! Gith x € K. We can therefore choose such an x with x? f FKP",
By purity, F N kKP" = kF?"; hence x?" is in kF?", say a k-linear combina-
tion of yf" with y; € F. As k is linearly disjoint from K”", we can take
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this combination with coefficients in k N KP", Taking p"th roots we get
x=2b’.y’. with bj € K and bf" € k. Not all b?"-l can be in FKP", as then
x"~ 1 would be in FKP", Thus we have an element b in K with b®” € &
and b?""1 £ FK?". We now claim that {x;} U {b} is pure independent.
Suppose there is a relation among the properly restricted monomials
x$ib¢ over kKP™, All of them have 0< e < p™ and e < p" = |k(b): k|
Grouping the terms with the same e, we apparently have a relation among
the b® over FKP™, If m <n this means the degree of b over FK?" is less
than p™, and so b"m‘-l € FK"m; but this is impossible, since raising to the
p"~ ™th power would give w""! € FKP", For m>n we similarly deduce
degree less than p" and p?"" ! e PR C FK®", Thus in either case we see
that the coefficients of each power b° must be zero. But these now are rela-
tions among monomials in the x, and by pure independence all the coeffici-
ents in them must be zero. Thus we have only the trivial relation, and {xi}
U{b} is pure independent, contrary to the assumption of maximality.
Conversely, now, suppose F = ®k(xi) is a basic subfield; by 2.1 all we
need to show is that {x} is maximal. Suppose that {x;} U{b} is pure indepen-
dent, with |k(b):k| = p”, Then b is in the span of F over kKP", since by
relative perfection K = FK?", But by purity F(b) and kK?" are linearly
disjoint over kF(p)?" = kF?", so b is in FIkF?"]=F, which is clearly
impossible.

Corollary 2.4. Basic subfields exist.

Proof. Pure independence is a condition of finite type, and so maximal

pure independent sets exist.

Corollary 2.5 (Sweedler). Let K/k be modular and K" C k. Then K
is a tensor product of simple extensions.

Proof. Let F be basic; then K = FK?" = F.

Remarks. (i) We shall see in 4.5 that in any maximal pure independent
set the number of %; of each degree is an invariant. The actual field F,
however, is far from unique. This can be shown easily by imitating the
corresponding examples for groups, e.g. [1, p. I-147]; indeed, it can be de-
duced from those examples (see the Remark in 36).

(ii) The process used in [3, $2] appears to be in essence a construction
of basic subfields. The nonuniqueness was nét noted there, and [3, Theorem
16] might be misleading for that reason.

Proposition 2.6. Let K/k be modular, B a pure modular subextension
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such that B?" Ck for some n. Then B is a tensor factor of K over k.

Proof. By 2.5 we know B is a tensor product of simple extensions;
let X be a set of tensor generators of B over k. By 2.1 the set X is pure
independent in K. Let E = kK? ", by purity E is linearly disjoint from B
over kBP" =k, It follows that the elements of X are pure independent over
E. Extend X to a maximal pure independent set X UY for K over E; as
K?" CE, we have K=E(X UY), Set H=E(Y), so BH=K. Since X UY
is pure independent over E, the basis of B over k given by monomials in
the elements of X is still independent over E(Y). Thus K=B @, H.

The condition B?" Ck is necessary; indeed, a basic subfield need not
be a tensor factors Again examples to illustrate this can be deduced from
those for groups, e.g. [1, p. I-139],

We conclude with a result needed in the next section. Like 2.2, it
demonstrates how K Nk!” controls the structure of modular extensions.

Proposition 2.7. Let K/k be modular, E a pure subfield with E N k1A
=Kk, Then E=K.

Proof. Suppose inductively E N k1#" = KN k17 and take an x €
K0 k/2™ | Then x? € E, so by purity x? € kE? = E NkK®, Write it as
a k-linear combination of yl? with y, € E, so that x is a k!/?-linear combina-
tion of the y . Since K/k is modular, x is a linear combination of the ¥;
over KA kP = E Ak, as the y; are in E, sois x.

3. Tensor products of simple extensions.

Definition. Let K/k be purely inseparable. An element in K has
height <n if it is not in kKP", An intermediate field E has bounded
height in K/k if its elements not in & have bounded height, i.e. E N kK?"
=k for some n,

Theorem 3.1. Let K/k be modular. The following are equivalent:
(i) K is a tensor product of simple extensions.
(ii) K can be written as an increasing union of intermediate fields
F, CF, C.+- where each F, has bounded height in K and K/F, is modular.
(iii) K N kP can be written as an increasing union of intermediate
fields S, CS, C+«+ where each S, has bounded height in K and K/S,, is
modular.

Proof. If K is a tensor product of simple extensions, let X be a cor-
responding pure independent set, and let F_ be the intermediate field
generated by the elements of X with degree < p”; then (ii) is satisfied.
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When (ii) holds, let S, = F, N k1, Clearly the S, have bounded height
and exhaust K N k1% we know by 1.5 that K is modular over K N k17, so
by 1.2 (b) it is modular over S”.

The problem then is to prove (i) assuming (iii). We do this by inductively
constructing pure independent sets X; C X, C +++ such that k(X )N k12 -
S, by 2.7 we will then have K = rUx n). Suppose therefore that we already
have X _,, and expand it to a pure independent set X, maximal among those
for which k(X ") nkL2 CS,. The induction step will be complete if we can
show that k(X") NE? - S,e

Suppose the intersection is smaller. Then as S, has bounded height
we can find an 7> 0 such that kK?'N'S_ ¢ k(X ) but kKP™*' N S_C k(X )
Since K is modular over S'z and over k, we deduce from 1.4(a) that S" N
kKPT = Ie[S'l A K?'), and hence there must be an element 4?" in S" not in
k(Xn). If we can now show X U {b} is pure independent, we will be through.
For then k(X" U {b}) = k(®) ®k(X"), and the intersection of that with &1/
is R#*) ® [k(x )N k1] C §,,» contrary to the maximality of X .

For brevity set F=k(X ) and L=F N k2 Cs . If X Ulb} is not
pure independent we get a nontrivial relation among properly restricted
monomials I1x6°; as in the next-to-last paraftaph of 2.3 we find b?" €
FK’"I. Hence there is an element in FK?'™*" S, not in F. We can thus
finish the proof by showing that FK?™*! A S, CF.

We begin with the tower & C kFP™ CF, for any m; by 1.4 (b) we deduce
that F? and kF?™*' are linearly disjoint over k?F?"*' [k A F?]=
Fpm’lL". [For this we need kF?™ modular over k, which is clear here
since F is a tensor product of simple extensions — cf. 4.1.] It follows then
that F? and kKP™ + are linearly disjoint over Feml L?, For suppose
elements /f.’ in F? are linearly dependent over kK”""l; they are in F, so
by the purity of F they are linearly dependent over kFP™ 4L, By the pre-
vious step they are then linearly dependent over F? mHlye,

Now let x be in FK?™ N k1, say x = 2f.a; with f, €F and a; €
kK™, Then P = 3f2af. Both x? and af arein kK"m“, and x? isa
linear combination of the al? over F?, whence by linear disjointness it is
so over FP"*ILP, Taking pth roots we get x in FP" L[kK?™] = LK?™,
Thus we have shown FK?™ N k172 = LK™ N k!/?, and in particular
FK™*' ns = Lk ns .

Consider finally the tower L CS C K. By purity we know K is
modular over F, whence as we saw earlier K is modular over L=F N K1/,
Therefore we have S, N K®" linearly disjoint from L for all m. By as-
sumption also K/S, is modular. Hence by 1.4 (a) we have s, N LKo" -
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1
Lls, n K™, Bu by choice of 7 we know S N kK™ CF,s0 5, N
Lk?™! CF. Consequently we have § N FKe™+ CF, as desired.
This theorem of course gives another proof of 2.5.

4. Ulm invariants of modular eéxtensions. Our first structural analysis,
in $2, led us to write a modular K/k as K/F/k with K/F relatively perfect
and F/k a tensor product of simple extensions; the two steps are relatively
uncomplicated, but the construction is not unique. In this section we will
give a decomposition with the relatively perfect extension at the bottom; it
is more elaborate but canonical, and will yield numerical invariants.

Definition. Let K/k be purely inseparable. For a an ordinal, the
intermediate field (K/k)* [or kK?°]is constructed inductively as follows:

() (K/R)° = K,

i) (K/B)Y**! = k[(K/R)*)P, and

Gii) (K/B*= NIK/R)P|B < a} for a a limit ordinal.

Write (K/k)® for ((K/k)% The first a for which (K/k)*= (K/k)™ is the
length of K over k.

We thus have a descending chain of intermediate fields. The finite
stages (K/k)" = kKP" are of course familiar, but it seems to haye been
unconsciously supposed that the chain would always stabilize at (K/E)* =
N(K/k)", Indeed, this is tacitly assumed in [3, Proposition 9], and I believe
it is true for every inseparable extension in the literature. It may therefore
be advisable to give at once an example where it is false. Let K=
Fp(y. X1 X %30 «++) where y and the x, are indeterminates, and let k& be
F 0% x{/y, x5 2/y, s8> /y,++ ) Then (K/k)*= k(y) and (K/R)**! =k, and
thus K/k has length w + 1, It is in fact true, as we will prove in 6.2, that
there are extensions of arbitrary prescribed length.

The definition in $3 can be extended transfinitely: the elements in K of
height a are those in (K/k)®but not in (K/k)**!, The elements of (K/k)™
must of course be assigned height o,

Proposition 4.1. Let K/k be modular. Then for every a,
(a) (K/k)*is modular over k, and
(b) K is modular over (K/k)%

Proof. We first prove (a) by induction on a. If a is a limit ordinal,
(K/k)*is an intersection of extensions already known to be modular, and
so it is itself modular. Suppose now that E = (K/k)*is modular over k. By
1.3 we can write E as a directed union UE,‘ where the E, are finite
modular extensions of k. Then RE? = URE P, and the RE?  are modular
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over k by computation since E, is a tensor product of simple extensions.
Thus (K/k)®*! = RE? is modular over k.

For (b) we note that by 1.4 (a) we have K modular over (K/k)? if and
only if (K/k)*and EKP" are linearly disjoint over k[(K/k)* N KP"] for
all »n, If a is a limit ordinal, the modularity holds by induction and 1.2 (b).
Also, the second condition is trivial for 7 > a, as there (K/k)* N K" =
KP". Thus assuming the result for a we must prove (K/k)**! =
RI(K/E)**Y A KP™] for 1< n < a+ 1. But we have

k[(K/k)a+1 N Kpn] 2 k[((K/k)a)P N KP"] = k[(K/k)aﬁ Kpn-l]p

= kRP[(K/B® N KP™ 112 = H(K/B®)P = (K/R)+L,

Definition. Let K/k be modular. The ath Ulm invariant of the exten-
sion, f (K/k), is the p-rank of (K/k)*n k1 over (K/R)** 0 k17D,

Proposition 4.2. Let K/k be modular.

(@) (K/R)™ is relatively perfect over k, and is the largest relatively
perfect subextension of K.

() If f (K/k) =0 for all finite n, i.e. if all elements of K N k17 have
height > w, then K is relatively perfect over k.

(c) If for some a one has /ah(K/k) = 0 for all finite n, then the length
of K/k is < a

(d) If K is a tensor product of simple extensions, then K/k has length
<, and [ (K/k) equals the number of tensor generators of degree p"*!,

Proof. Statement (a) is obvious, (d) is a straightforward computation,
and (b) is a paraphrase of 2.2. Then (c) follows by applying (b) to (K/k)%
which is modular over k& by 4.1.

Proposition 4.3. Let K/k be modular. Let n and r be finite with
r>2. Then

(a) 1 (K/R)={ (KO RP"Y/k) and

®) f,(K/k) = [ (K/(K/kY*7),

Proof. By 1.5 we have k!72 N kK?* = k[k!/? N KP®]. But obviously
for n + r> s we have k1/2 N KPS _ k10 (K A k1/27¥)0° Thys
the same fields occur in computing both sides of (a).

Write L = kK?"; then (b) says that

|kY2 A L: k12 A kL) = |(RLEY/P A L: (RLPT)/P A RLP|.
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Thus it suffices to show that k12 A L and (kL2')1% A RL? are linearly
disjoint with intersection &2 N kL? and join (kLP")!”? A L. Obviously
the intersection is rights We have kL? and K170 linearly disjoint since
the former is modular over k; similarly L and (EL? "N/ are linearly disjoint.
Hence by 1.1 we have the necessary linear disjointness.

To show the join is as large as claimed, we write L as a directed
union of finite modular extensions; if the join is large enough for each of
them, it is so for their union. Thus we may assume L/k finite. Write it
as a tensor product of k(xi) with x; of exponent e, Then the elements
with pth power in EL?" are generated by xii where d. = p:i-l if e, <r
and d,=p"~1 if e, >r. The last type are in (kL?")!12 NkL?, and the
others are in k! N L,

Lemma-4.4. Let K/k be modular, B a pure modular subextension over
which K is relatively perfect. Then the Ulm invariants of K over kK?" equal
those of B over kBP".

Proof. By hypothesis B and kK?" are linearly disjoint with intersec-
tion kB?" and join K. Thus a pure independent set giving tensor generators
for B over kB?" also gives tensor generators for K over EKP",

Theorem 4.5. Let K/k be modular. Let X be any maximal pure
independent set. Then the number of elements of X having degree p
is [ (K/k), and thus is independent of the choice of X.

nel

Proof. By 2.3 we know B = k(X) is a basic subfield, and by 4.2 (d)
the number of elements involved is f, (B/k). But { (B/k)= [n(B/kB’n ).

1, (K/RKP™2) = [ (K/R).

S. Ulm invariants and group algebras. In this section we will compute
the invariants of $4 by a process which explicitly connects them with the
usual Ulm invariants for groups. Recall [1, p. I-154] that if G is a p-
primary abelian group, the subgroups p°G are defined inductively by
p%*1G = p(p°G), starting with p°G = G and setting p°G =N{pAG|B < a}
for a a limit ordinal, If Glp]l denotes {g € G|pg = 0}, then the groups
p%G NGIp] are vector spaces over F p» and (in Kaplansky’s terminology)
the codimension of pa'ﬂG NGIpl in p% N Glp] is the ath Ulm invariant
of G, denoted f(G)

Let & now be a field of characteristic p, and A a commutative k-
algebra; we can define (4/ k)% inductively just as for field extensions. If
L is a larger field, it is easy to show inductively that (4 ®, L/L)*=
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(A/kR)*® & L. 1f A = k[G], moreover, a simple induction using the standard
basis shows that (A/k)%= k[p°G).

With the proper tool, the Ulm invariants of G can now be recovered
from k[G). If A is any (commutative) local k-algebra with residue field &,
let M be its maximal ideal and | the ideal {a € Ala® = 0}. We define the
Ulm space U(A) to be J/M]. Clearly A~ U(A) is a functor from such
algebras to vector spaces over k.

Proposition 5.1. Let G be a p-primary abelian group, k a field of
characteristic p. Then there is a natural isomorphism

6ol @, k= UALGD.

Proof. We show first that ] is generated by the elements g ~ 1 for
g € Glp]; it is enough to show this for G finite, since any G is a directed
union of finite subgroups. If {g i} are basic generators for a finite G, then
k[G] has the form k[X,, ..., X"]/(X‘l“, vee, X:”), where X =g.~ 1 and

€

g; has order ¢, = p *. Clearly two different monomials here have equal pth
powers only if both collapse to zero, and the pth power of a monomial is
zero only if it involves a factor X‘l.’i/" = g?i/" - 1. This yields the desired
statement.

We thus have a natural map G[p] —U sending g to the class of g~ 1.
If g and b are in Glp), then gh-1=(@g- D+ (h-1)+(g=-1)h- 1) and
the last term is in MJ; thus G[p] = U is Fp-linear. Any multiple of
(g = 1) has the form (scalar)(g — 1) + (element of M)(g - 1), so the image of
Glp]l spans U over k.

When G is finite, the map from G[p] @ % is injective as well as sur-
jective; this is clear from direct inspection of k[G], as above. If then G,
C G, are finite, Gl[p] injects into Gz[p], and hence accordingly 11(/6[61])
injects into UIG 2]). Since U(k[G]) in general is the direct limit of the
Ulm spaces of finite subgroup algebras, it follows that G[p] ® k& always
injects into UG

Corollary 5.2. Each U((k[GV/R)?) injects into U(R[G)), and the co-
dimension of U((K[G)/&)**1) in U(RIG)/B)Y) is [,(G).

In particular, of course, the Ulm invariants of G are determined by
the algebra k[G]; a less transparent proof of this fact was given in [4)
We may note that dimeG[p] N p=G, which is the number of Z[p>] summands
in G, is similarly determinable from the Ulm space of &[Gl

For arbitrary algebras U(A) may be zero, or the U((A/%)%) may not
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inject into U(A). When they do, however, it is natural to call the codimen-
sions in 5.2 the Ulm invariants of A. The Ulm invariants of $4 can be
recovered by precisely this process, as we now show.

Theorem 5.3. Let K/k be modular. Let L be the perfect closure of
k, and let A be the L-algebra K @, L. There is a natural map from KN
k1 to U(A) sending x to the class of x ® 1 - 1 @ x. Under this map a
set |x,} goes to a basis (resp. an independent set, a spanning set) if and
only if {x} is a p-basis (resp. a p-independent set, a generating set) for
KNkM? over k.

Proof. Suppose first that K/k is finite and K C k172 let {x,} be a
p-basis of K over k. Then the x; are tensor product generators, and
K®L is @QLIX.V/X? where X;=x,®1~1®x;. Clearly then the images
of the x; are a basis for U(K ® L). Passing to a direct limit over finite
subextensrons we see that the same result holds for infinite K C k17,
Furthermore, any p-independent set can be expanded to a p-basis, and so
must go to an independent set; similarly any generating set contains a p-
basis, and hence goes to a spanning set. In addition, if F is an intermediate
field, then a p-basis of F extends to one of K, and thus UF®L) injects
into U(K ® L),

Still assuming K C R12 ) et {xl} be elements whose images are
independent. If the x; are not p-independent, some one of the ¥, is in
the field F generated over k by the others. The images of x, for i # 1
then span U(F ® L), so the image of x, is dependent on them there and hence is
dependent on them in U(K ®L). This is impossible, and so the x ; are p-independent.
If on the other hand {x,} is a set of elements whose images span UK ®L),let F be
the subextension they generate. If F is not all of K we can choose a p-basis of
F and extend it to a p-basis of K; we get thereby an element in U(K ® L)
not in U(F ® L), which is impossible since U(F ® L) contains the images
of the x. Thus the theorem is completely proved for the case K C K12,

Now let K/k be arbitrary finite modular with tensor product generators
y; having degrees ¢, = p « Then KOL is @ L[y, ]/(Y ?) where Y, =
y; ®1-1®y,, The computation in 5.1 shows that the elements Yq'
give a basis for U(K ® L) But the elements y are a p-basis for Kn
k!7, and hence go to a basis for U((K N K'/?) ® L), Since a basis thus
goes to a basis, the map UK AR2)OL) > UK ®L) is an isomorphism.
Writing any modular K/k as a direct limit of finite modular extensions, we

/P

see that the map is still an isomorphism there. Hence the theorem is reduced
to KN k172, where we have proved it.
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Porism 5.4. If F is an intermediate field modular over k, then U(FQL)
— U(K ® L) is an injection.

Corollary 5.5. If K/k is modular, then the Ulm invariants of K/k are
the same as the Ulm invariants of the algebra K @ L.

Proof. The p-rank of (K/E)*Nk? over (K/k)**' N k170 equals the
number of elements added to a p-basis of the latter over & to get a p-basis
of the former over k. Thus it equals the codimension of U((K/k)%*! @ L)
in U((K/R)* ®L). The p-rank is f K/k); the codimension is the Ulm
invariant of K® L, since (K/k)*®L=(K ® L/L)®.

This need not be true, with the definition of $4, if K/k is not modular.
If one wants to define Ulm invariants for nonmodular extensions, they
should probably be the invariants of K® L.

Corollary 5.6. If K/k is modular and is a form of a group algebra, i.e.
K ® L is isomorphic to a group algebra LIG) then f (K/k)={ (G).

Theorem 5.7. Let K/k be modular, L the perfect closure of k, and
a a limit ordinal. Then

U(K/R*® L) = N{U(K/BDP® L)|B < al.

Proof. We of course use 5.4 to identify these spaces with subspaces
of U(K ® L). The inclusion C is obvious. Take then an element v in
the right-hand side. It can be expressed using finitely many elements from
Kn k1%, among such expressions choose one using the smallest number
of elements not in (K/K)*N k1%, Let M be the intermediate field generated
by these elements. We clearly must have M linearly disjoint from (K/&)*
N k1% over k, as otherwise we could drop one of the generators of M and
still span the same space together with U((K/k)® ® L),

Lemma 5.8. Let K/k be algebraic. Let {E'B} be a family of inter-
mediate fields directed by inverse inclusion, and let E = nEﬁ. Suppose
M is an intermediate field linearly disjoint from E with |ME :E| finite.
Then M is linearly disjoint from all sufficiently small E,B'

Proof. Let B be a linear basis for M over M N E; it is then a basis
for ME over E, and so is finite. Choose any f3; then we choose a subset
Bﬁ of B which is a basis for MEﬁ over Eﬁ. Consider some E,}, C Eﬁ; if
Bg is no longer a basis of ME,, over E,, it can be expanded to a larger
subset B, which is. Since B is finite, successive expansions in this
way must eventually stop; thus we get an E y and a subset B, of B
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such that B, is a basis of ME g over E 5 whenever E5C E, . Obviously
it is enough now to show B y= B. Suppose therefore that there is some
b in B\B We can write b= 3ab; uniquely with b, €B, and a; €E..
The same is true for each smaller ES’ so the a; are in n{Ele C E }
But that intersection is E, since the original intersection was dxrected
and thus we have a contradiction.

Applying this lemma in our previous situation, we see that M is
linearly disjoint from all sufficiently small (K/kYB A k172, Since M is
finite, the intersection of the two will also be & eventually. But now we
can choose a p-basis X, of (K/k)*N k1%, expand it to a p-basis X,V X,
of (K/k)® k1%, and add in a p-basis X; of M while still staying mdepen
dent. In U(K ® L) the images YuY,u Y will then be linearly indepen-
dent. The set Y, U Y, spans cll((l(//e)ﬁ@L) so v is in its span; and by
definition of M we have v in the span of Y, U Y;. But that implies v
is in the span of Y, i.e. v is in U((K/R)* ®L).

This is a nontrivial property which K ® L shares with group algebras;
there are other algebras for which it is false.

G. An existence theorem.

Theorem 6.1. Let G be a p-primary abelian group. Then there is a
modular extension K/k which is a form of k[G], in fact for which K ®, K
~ K[Gl

Proof. Let F be a field of characteristic p. Let 0 =R — P —G
— 0 be a resolution of G with P and hence R free abelian groups. Then
FIP] is equal to FBX 1/X ﬂ where X, runs over a basis of P; in par-
ticular it is an mtegral domain, and F [R] is a subdomain. Let K and &
be their fraction fields. It is easy to verify that X ,®X g X e ®X X B
defines an isomorphism

FIP] ®p(5) FIPl = Flc] ®; F[Pl.

Now since G is torsion, F[P] is integral over FIR], and hence K=
FIP] ® F[R]k‘ Tensoring the above isomorphism with % then yields

K ®, K F[Gl ® K= K[Gl.

It now follows automatically that K/k is modular, For if E is a
finite subextension, E ®, K is isomorphic to a subalgebra of K[GO] for
some finite subgroup G, of G. It follows [6, p. 423] that E ®, K is
split, and so K contains the splitting field S(E/k), Hence K/k is modular
by 1.3,
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Corollary 6.2. Let A be any ordinal. Then there is a modular K/k
with (K/R)* = k and length precisely A

Proof. It is known [1, pp. 1I-57 and 11-210] that there is a group G with
p*G = 0 and pPG £ 0 for B <A Take K/k in the theorem corresponding
to this G, noting that we already know (K/k)P ® K = (KIGVK)P = KIpPG1.

Corollary 6.3. If K/k is a countable-dimensional modular extension,
then a s f (K/k) is a function from countable ordinals to cardinals < K
with the following properties:

(i) it is identically zero from some point on, and

(ii) it nowbere has an infinite string of successive zero values
followed by a nonzero value.

Conversely, any such function arises from some countable-dimensional

modular extension.

Proof. Condition (ii) is 4.2(c). Since U(K ® L) is countable-dimensional,
clearly all f are < R; also there cannot be an uncountable well-ordered
chain of subspaces, so (i) holds. The converse follows from combining 6.1,
5.6, and the corresponding existence theorem for countable groups [1, p. Il
65), since in 6.1 we clearly have (K:k)= #(G).

Remark. In the construction of 6.1 any subgroup of G will correspond
to an intermediate modular field (though of course there will be many other
intermediate fields also). Examples of subgroups with certain properties
can often therefore be carried over to examples on fields, For instance,
there are well-known examples showing that one basic subgroup may be
properly contained in another, and that a pure subgroup of unbounded height
need not be a direct summand; as mentioned in $2, these yield corresponding
examples for fields.

7. Complications and counterexamples. In this section we show that
two analogues of abelian group theorems are false for fields. The first
corresponds to the famous theorem of Prifer[1, p. I-88] that countable pri-
mary groups with no elements of infinite height are direct sums of cyclic
groups.

Proposition 7.1. There is a countable-dimensional modular extension

K/k with (K/k)*= k which is not a tensor product of simple extensions.

Proof. Let k=F (b, ao. @y, @y ay,+++) where b and the a; are
indeterminates. Let yo =b1% and x, = al/p Define inductively y =
Yot t Xp_1%, form=1,2,3,..-, Let
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2 3
K = k(y l/" s X ,xl/", xé/p ,x;/p ,...,x'l,/””).

k1 are p-independent over k, we see

Since x5, X, X550 5 X, ¥, in
that K is modular over k with its listed generators as tensor generators,
We have K C K and hence K= UK is a modular extension of k.
Since we know tensor generators, it is evident that ka Nk equals &
for r > n and equals k(y AR SRTELEEE ) for r<n. Hence kKP'n k17
is kly, x, x, RUEAOD
To show now (K/RE)?=k it suffices to show (MEK?'n k1) =k,
since an extension with no elements of exponent 1 is trivial. Clearly
EK?™*! A klygr %00+ ,xul) kY, 1 %, ) if we show k(y, . xn+l)n
k(yo. Xgroee s X, ) k that will suffice, smce k1P = Uk(yo. Xgaoee 9 X, )

o)

Let E be k(yn“, X0 )N k(yo. 00t xn) Considering dlmensmns

)
n4l
we see that either E = k or |E :k| = p; and in the latter case the two fields

over k and noting that the join of the two fields is kly g, xg, e+, x

are linearly disjoint. Now x,_, isnotin klyg x5+ ,x,),s0 1and
X, 41 are linearly independent over that field. We have the relation y =
(xn)x"+l + (yn)l over k(yo. Xorore s xn), and by linear independence the
coefficients are unique, If the two fields are linearly disjoint, there must
be such a relation over E, and by uniqueness it must be the same relation.
Hence x .y, €E, an impossibility since they are p-independent over k
and |E :k| < p. This contradiction proves (K/k)“= k.

If K/k were a tensor product of simple extensions, then any finite sub-
extension F of K N k'” would be contained in a finite subextension F'
of KNk with K/F' modular. Thus we can complete the proof as follows.
Let F = k(y, x;). We will show thatif FCF' CKN k17 and K/F'

modular, then F’' = K Nk}’ This we do by proving inductively that
y proving

k()'o. xos"‘yx)CFl impliesx +16F'
By 1.4(a) we have F' and RK?" linearly disjoint for all 7, and hence
F' is linearly disjoint from EKE™* ~ R1/0 - k(yn+1. LRTEMPTRLE ). Call

the latter field T. Since by induction yg, xg, ¢+ ,x, arein F !, we have

n+1)xn + (yn+l
in terms of x , 1 € F over T; since x, ¢ T the expression is unique. By

¥y, alsoin F'. The relation Yo = (- x )1 expresses y, €F
linear disjointness then the coefficients must be in T N F', and thus
1
X, € F’,
This example illustrates why linear disjointness has to enter as a
‘‘straightening condition’’ in many of the earlier proofs. In particular, it

shows that the condition "K/S modular’’ cannot be dropped from 3,1(iii)s
For in our example the countab1l1ty of KN k/? automatically makes it a
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union of a chain of finite-dimensional intermediate fields Sn; and each

. . . o . . . r
S, has bounded height in K, since it is finite and NEK?” = k. Yet K/k
is not a tensor product of simple extensions.

Theorem 7.2. Let m be any infinite cardinal. Then there is a modular
extension K/k with |K:k| =m having (K/k)*=k and [ (K/k)=1 for all

[inite n.

Proof. We first claim that if F is a field of cardinality m, then FXo
as an F-space has dimension at least m, (It follows easily that its
dimension is precisely m®0, but that will not matter.) Suppose indeed that
we have a basis of the product containing fewer than m elements; obviously
for this to happen m must be uncountable. The entries in the basis vectors
then form a set of cardinality less than m, and so generate over the prime
field a subfield L of cardinality less than ms Now an F-linear combination
of elements in LX0 must have all its entries in a finite-dimensional L=
subspace of F. But #(F)=m > #(L) certainly implies |F:L| infinite, so
we can produce an element in FX0 not having all its entries in such a
finite-dimensional space.

Now let F be a perfect field of cardinality m. Choose m linearly
independent elements in F Xo starting with the elements e which are 1
in the nth place and 0 elsewhere. Let V be the F-space spanned by these
m elements. Let V_ be the elements in V with first » entries equal to
0. Then we have a chain of subspaces V =V, DOV, DV, D-.. where dim V
=mdimV /V, =1 forall n,and MV, =0,

Let k = F(V), the fraction field of the free commutative algebra on the
vector space; it is a pure transcendental extension of F with transcendence
basis = a linear basis of V = a p-basis of k& over k%, Let K, be k[Vl/p]
that is, k[{x!”?|x € V}]; since F is perfect this is the same as adjoining
to k the pth roots of the elements in a basis of V. Inductively define

K =K _[VI/or) _hlelf, 122, L., e ont y 1om,
Clearly K /k is modular, and hence K = UK is modular over k. Obvi-
ously |K: kl = m, We have ka’ R = k[Vllp] for n >, and thus
(K/kY N k170 = gy 1/P], Therefore el/p is a p-basis for (K/k) A k1/?
over (K/EY+!n kl/p, and so f, (K/k)- 1 for all finite r.

Finally, (K/k)*= k follows easily from 5.7. For it is enough to show
U(K/k)* @ L) is trivial, and hence enough to show MNU(K/kY ® L) = 0,
But clearly U(K ® L) is isomorphic to V ®p L, with the subspaces iso-
morphic to Vr ®g L; thus the result follows from ﬂv, =0,
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Corollary 7.3. There are modular extensions K/k which are not forms
of group algebras.

Proof. Let K/k be as in the theorem, with m > 2o, 1 K ®, L were
isomorphic to some L[G], then by $5 we could conclude $“G = 0 and
{,(G) =1 for all finite n. But for abelian groups this implies [1, p. 1-146]
that #(G) < 2%0,
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